This article gives the perturbative NNLO results for the moments of the most commonly used event shape variables associated to three-jet events in electron-positron annihilation: Thrust, heavy jet mass, wide jet broadening, total jet broadening, C parameter and the Durham three-to-two jet transition variable.
Introduction
The electron-positron annihilation experiments at the colliders LEP (CERN), SLC (SLAC) and PETRA (DESY) have collected a wealth of data with hadronic final state over a wide range of energies. Of particular interest are three-jet events, which can be used to extract the value of the strong coupling. Three-jet events are well suited for this task because the leading term in a perturbative calculation of three-jet observables is already proportional to the strong coupling. In comparing experiments to theory it is important to restrict oneself to infra-red safe observables. For three-jet events in electron-positron annihilation there is a well established set of infra-red safe observables, which is widely used. These are the event shape variables consisting of thrust, heavy jet mass, wide jet broadening, total jet broadening, the C-parameter and the Durham threeto-two jet transition variable. All these observables can be calculated in perturbation theory. Next-to-next-to-leading order (NNLO) results for the distributions of these observables have been presented in [1] [2] [3] [4] . Apart from the distributions also the moments of these observables are of interest to the experimentalists. For an observable O which takes values between 0 and 1 the n-th moment is defined by
All observables are chosen such that O → 0 corresponds to the two-jet region. On the other hand, large values of O correspond to the multi-jet region. For all n the n-th moment receives contributions from both regions, but the two regions are weighted differently for different n: For higher n more weight is given to the multi-jet region. In this article I present the QCD NNLO results for the moments of the event shape observables. The present calculation is based on the numerical Monte Carlo program Mercutio2 [5] [6] [7] . Independent results for the moments have been published in [8] .
The results of this paper rely heavily on research carried out in the past years related to differential NNLO calculations: Integration techniques for two-loop amplitudes [9] [10] [11] [12] [13] [14] [15] [16] , the calculation of the relevant tree-, one-and two-loop-amplitudes [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , routines for the numerical evaluation of polylogarithms [30] [31] [32] , methods to handle infrared singularities and experience from the NNLO calculations of e + e − → 2 jets and other processes [43, [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] .
This article reports the pure QCD perturbative results for the moments of the event shapes. Not included are soft-gluon resummations [74] [75] [76] [77] nor power corrections [78, 79] . Perturbative electro-weak corrections to three-jet observables have been reported recently in [80, 81] .
From a technical point of view the calculation of the n = 1 moment is particular challenging. The first moment receives sizable contributions from the close-to-two-jet region. The calculation of the NNLO correction in the close-to-two-jet region involves the integration over three unresolved partons -one additional unresolved parton more as compared to a "standard" NNLO calculation. The integration is done numerically by Monte Carlo methods and highly non-trivial. This paper is organised as follows: In the next section the set of event shape variables are introduced. In section 3 the perturbative calculation is described. The numerical results for the moments are given in section 4. Finally, section 5 contains the conclusions.
Definition of the observables
In this section I briefly recall the definitions of the relevant event shape observables. The event shape variable thrust [82, 83] is defined by
where p j denotes the three-momentum of particle j and the sum runs over all particles in the final state. The thrust variable maximises the total longitudinal momentum along the unit vector n. The value of n, for which the maximum is attained is called the thrust axis and denoted by n T . The value of thrust ranges between 1/2 and 1, where T = 1 corresponds to an ideal collinear two-jet event and T = 1/2 corresponds to a perfectly spherical event. Usually one considers instead of thrust T the variable (1 − T ), such that the two-jet region corresponds to
The plane orthogonal to the thrust axis divides the space into two hemispheres H 1 and H 2 . These are used to define the following event shape variables: The hemisphere masses [84] are defined by
where p j denotes the four-momentum of particle j. The heavy hemisphere mass M H is then defined by
It is convenient to introduce the dimensionless quantity
where Q is the centre-of-mass energy. In leading order the distribution of the heavy jet mass ρ is identical to the distribution of (1 − T ). Experimentalists also use the square root of ρ as observable:
In this paper we provide in addition to the results for the moments of ρ also the results for the moments of √ ρ. The odd moments of √ ρ give new information, while the even moments of √ ρ are related to the moments of ρ as follows: The 2n-th moment of √ ρ is identical to the n-th moment of ρ.
The hemisphere broadenings [85, 86] are defined by
where the sum over j runs over all particles in one of the hemispheres, whereas the sum over k is over all particles in the final state. The wide jet broadening B W and the total jet broadening B T are defined by
The C-parameter [87, 88] is obtained from the linearised momentum tensor
where the sum runs over all final state particles and p i k is the i-th component of the threemomentum p k of particle k in the c.m. system. The tensor θ is normalised to have unit trace. In terms of the eigenvalues of the θ tensor, λ 1 , λ 2 , λ 3 , with λ 1 + λ 2 + λ 3 = 1, one defines
The C-parameter exhibits in perturbation theory a singularity at the three-parton boundary C = 3/4 [89] .
For the three-to-two jet transition variable y 23 one first defines jets according to the Durham jet algorithm [90] : The clustering procedure of the jet algorithm is defined through the following steps:
1. Define a resolution parameter y cut 2. For every pair (p k , p l ) of final-state particles compute the corresponding resolution variable y kl .
3. If y i j is the smallest value of y kl computed above and y i j < y cut then combine (p i , p j ) into a single jet ('pseudo-particle') with momentum p i j according to a recombination prescription.
4. Repeat until all pairs of objects (particles and/or pseudo-particles) have y kl > y cut .
For the Durham algorithm the resolution variable is given by
while the recombination prescription is given by
Here, E i and E j are the energies of particles i and j, and θ i j is the angle between the threemomenta p i and p j . Q is the centre-of-mass energy. The jet transition variable y 23 is the value of the jet resolution parameter y cut , for which the event changes from a three-jet to a two-jet configuration.
Perturbative expansion
The perturbative expansion of a differential distribution weighted by the n-th power of the observable O can be written for any infrared-safe observable for the process e + e − → 3 jets up to
A O gives the LO result,B O the NLO correction andC O the NNLO correction. σ tot denotes the total hadronic cross section calculated up to the relevant order. The arbitrary renormalisation scale is denoted by µ. All observables are chosen such that they take values between 0 and 1.
The n-th moment is given by
In practise the numerical program computes the distribution
normalised to σ 0 , which is the LO cross section for e + e − → hadrons, instead of the normalisation to σ tot . There is a simple relation between the two distributions: The functions
where
N c denotes the number of colours and N f the number of light quark flavours. A tot and B tot are obtained from the perturbative expansion of σ tot [91] [92] [93] :
The perturbative calculation of the inclusive hadronic cross section σ (tot) is actually known to O (α 3 s ) [94, 95] , although we need here only the coefficients up to O (α 2 s ).
It is sufficient to calculate the functionsĀ O ,B O andC O for a fixed renormalisation scale µ 0 , which can be taken conveniently to be equal to the centre-of-mass energy: µ 0 = Q. The scale variation can be restored from the renormalisation group equation
The colour factors are defined as usual by
The values of the functionsĀ O ,B O andC O at a scale µ are then obtained from the ones at the scale µ 0 bȳ
Finally, an approximate solution of eq. (19) for α s is given by
The function C O can be decomposed into six colour pieces
In addition, there are singlet contributions, which arise from interference terms of amplitudes, where the electro-weak boson couples to two different fermion lines. These singlet contributions are expected to be numerically small [28, 96, 97] and neglected in the present calculation. We define 
The coefficients A O ,n , B O ,n and C O ,n are calculated at the renormalisation scale equal to the centre-of-mass energy µ 0 = Q. The scale dependence is given by eq. (21). All results have been obtained by numerical Monte-Carlo integration. The Monte-Carlo integration introduces a statistical error. For the infrared singularities a hybrid method between subtraction and slicing has been used. The dimensionless slicing parameter is denoted by
The slicing procedure introduces in addition to the statistical error from the Monte Carlo integration a systematic error. The size of this error can be estimated by varying the slicing parameter η. However, lowering the slicing parameter will increase the statistical error. A practical criteria is to require that the variation due to the slicing parameter is smaller than the statistical error, with the possible exception for the boundaries of the distributions. Imposing this criteria η = 10 −5 turns out to be a good compromise between accuracy and efficiency in the region away from the two-jet region. However the first moment of the distributions receives non-negligible contributions from the close-to-two-jet region. In this region a more careful analysis has to be performed. The moments are calculated as follows: We introduce a second parameter κ = 10 −3 and split the integral into
In the region [κ, 1] the integral is calculated with the slicing parameter η = 10 −5 , whereas in the region [0, κ] the slicing parameter η = 10 −9 is used for the computation of the integral. In order to estimate the systematical error due to the slicing procedure the moments are recalculated in the region [0, κ] with the slicing parameters η = 10 −7 and η = 10 −5 . Therefore we obtain three results I 5 , I 7 and I 9 for the integral over [0, κ], corresponding to the values η = 10 −5 , η = 10 −7 and η = 10 −9 , respectively. The systematic error due to the slicing procedure is taken as
and added linearly to the statistical error. This defines the total error, which is quoted in all results.
The results of this paper are the perturbative coefficients A O ,n , B O ,n and C O ,n for the first ten moments of the event shape variables thrust, heavy jet mass, wide jet broadening, total jet broadening, C-parameter and the three-to-two jet transition variable. Since the experimentalists use the heavy jet mass as well as the square root of the heavy jet mass, the results for the moments of both are given for convenience. Of course, the 2n-th moment of √ ρ is identical to the n-th moment of ρ. The perturbative coefficients for the first ten moments are tabulated in tables 1 to 7. The total error is indicated in these tables.
The NNLO coefficient C O ,n can be split up into the contributions from the individual colour factors
defined in eq. (24) . For the moments the contributions from the individual colour factors to C O ,n are given in tables 15 to 21. Again, the total error is indicated in these tables. In eq. (27) we have split up the integral defining the moments into two pieces. The integral over the region
is like the complete moment a measurable quantity. It has the advantage that the perturbative calculation of this quantity is much less affected by the numerical issues related to the closeto-two-jet region. For this reason the results for these "incomplete" moments are provided as well. The perturbative coefficients are given for κ = 10 −3 for the various event shape variables in tables 8 to 14. The indicated error corresponds to the statistical error. In a recent calculation the logarithmic terms of the NNLO coefficient of the thrust distribution have been calculated based on soft-collinear effective theory [76] :
The values of the a j 's are for N f = 5 
The logarithmic terms give a good description of the thrust distribution in the close-to-two jet region. We may therefore use eq. (31) to estimate the NNLO contribution to the integral
These results are reported for κ = 10 −3 , 10 −5 , 10 −7 and 10 −9 in table 22. The first five moments of the six event shape variables have also been calculated independently in ref. [8] . The results of tables 1 to 6 for the perturbative coefficients A O ,n , B O ,n and C O ,n have their correspondence in table 3 of ref. [8] . The results of tables 15 to 20 for the individual colour factors to C O ,n have their correspondence in tables 1 and 2 of ref. [8] . The compatibility of the two results is not perfect, but acceptable given the complexity of the calculation. The higher moments (n ≥ 2) agree typically within 5%. The agreement in the individual colour factors is in general better (at the level of 2% for the numerically dominant colour factors N 2 c and N f N c for n ≥ 2). There is a simple explanation for the fact that one observes a better agreement for the individual colour factors as compared to the complete NNLO coefficient C O ,n : The complete NNLO coefficient involves large cancellations between different colour factors (in particular between the numerically dominant colour factors N 2 c and N f N c ). The numerically not so important colour factors N 0 c and N −2 c show are slightly worse agreement. As they give numerically small contributions they have been calculated with lower statistics. The agreement for the complete NNLO coefficients for the first moment (n = 1) is at the level of 20% for thrust, C-parameter and the three-to-two jet transition variable, 50% for the heavy jet mass and 70% -100% for the jet broadenings. It should be noted that the first moment receives sizeable contributions from the close-to-two-jet region, in particular the jet broadenings. In comparing the two results one should take into account that tables 1-3 of ref. [8] do not include systematic errors. For the first moment the systematic error from the close-to-two-jet region dominates over the statistical error. As in the case for the higher moments one also observes for the first moment a better agreement for the individual colour factors as compared to the complete NNLO results, with the same explanation of large cancellations between different colour factors as above.
Conclusions
In this article I reported on the NNLO calculation of the moments of the event shape observables associated to three-jet events in electron-positron annihilation. I provided NNLO results for the moments of the event shape variables thrust, heavy jet mass, wide jet broadening, total jet broadening, C parameter and the Durham three-to-two jet transition variable. The results of this paper will be useful for an extraction of α s from three-jet quantities [77, [98] [99] [100] [101] [102] . Coefficients of the leading-order (A ρ,n ), next-to-leading-order (B ρ,n ) and next-to-nextto-leading order (C ρ,n ) contributions to the n-th moment of the heavy jet mass distribution. Table 4 : Coefficients of the leading-order (A B T ,n ), next-to-leading-order (B B T ,n ) and next-to-nextto-leading order (C B T ,n ) contributions to the n-th moment of the total jet broadening distribution. Table 5 : Coefficients of the leading-order (A C,n ), next-to-leading-order (B C,n ) and next-to-nextto-leading order (C C,n ) contributions to the n-th moment of the C-parameter distribution. 23 ,n ) and next-tonext-to-leading order (C y 23 ,n ) contributions to the n-th moment of the three-to-two jet transition distribution. Table 7 : Coefficients of the leading-order (A √ ρ,n ), next-to-leading-order (B √ ρ,n ) and next-tonext-to-leading order (C √ ρ,n ) contributions to the n-th moment of the square root of the heavy jet mass distribution. Table 9 : Coefficients of the leading-order (A ρ,n ), next-to-leading-order (B ρ,n ) and next-to-nextto-leading order (C ρ,n ) contributions to the n-th moment of the heavy jet mass distribution with a cut ρ > κ for κ = 10 −3 . Table 12 : Coefficients of the leading-order (A C,n ), next-to-leading-order (B C,n ) and next-to-nextto-leading order (C C,n ) contributions to the n-th moment of the C-parameter distribution with a cut C > κ for κ = 10 −3 . 23 ,n ) and next-tonext-to-leading order (C y 23 ,n ) contributions to the n-th moment of the three-to-two jet transition distribution with a cut y 23 > κ for κ = 10 −3 . Table 14 : Coefficients of the leading-order (A √ ρ,n ), next-to-leading-order (B √ ρ,n ) and next-tonext-to-leading order (C √ ρ,n ) contributions to the n-th moment of the square root of the heavy jet mass distribution with a cut √ ρ > κ for κ = 10 −3 . Table 18 : Individual contributions from the different colour factors to the next-to-next-to-leading order contribution to the n-th moment of the total jet broadening distribution. Table 22 : Contribution to the next-to-next-to-leading order coefficient C (1−T ),n for the n-th moment of the thrust distribution obtained from integrating the logarithmic terms from 0 to κ for various values of κ.
